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Matrix Method, we will analyse Schrodinger’s equation for a particle
impinging on the vertical potential step which is generally done by different
algebraic and analytical methods. The matrix method has been applied
successfully in science and engineering problems. This paper demonstrates
the use of the Matrix Method for analyzing Schrodinger’s equation to find the
reflection and transmission coefficients for a particle impinging on the

vertical potential step.
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INTRODUCTION

The applications of time-independent Schrodinger’s
equation are generally analyzed by different algebraic
and analytical methods [1], [2], [3]. The matrix method
has been applied successfully in science and
engineering problems [4], [5], [6], [7], [8], [9], [10], [11],
[12]. This paper puts forward the Matrix Method for
analyzing one of the applications of Schrodinger’s
equation to a particle impinging on the vertical potential
step and obtains the reflection and transmission
coefficients. As we know for a square matrix B [5], [6],
[7], [8] of order n with elements a;;, we get a column

matrix Z and a constant » such that BZ = »Z or
|B - I|Z = 0. This represents a matrix equation which

results in n homogeneous linear equations [9], [10],
[11], [12] having a non-trivial solution only if
IB->1Il = 0. On expand |B-x1Il, we will get nt

degree equation inx, known as the characteristic

equation of B, whose roots ie.
»ny(where i =1,2,3,.....n) are called Eigenvalues, and

corresponding to each Eigenvalue there is a non-zero
1

=
solution Z = | 2] known as Eigenvector [4-12].
z?’.

MATERIAL AND METHOD

The one-dimensional time-independent Schrodinger’s
equation [13, 14] is given by

@ (y)+ i—?{E—‘f}@{y] =0..(1)

Vertical Potential Step

Consider a particle of mass m and total energy E moving
from a region of zero potential to a region of constant
potential. The vertical Potential step is defined [13],
[14] asV (y) =0 fory <0 and V (y) = for y > 0. If
¢, (y) and @ (y) are the wave functions to the left and

the right side of the vertical potential step at y = 0, then
aty=0,

ch{D] = ch{EI] = g(say) and

QDR'[EI] = qJL'{U:] = f (say),

where gand fare constants.

In the region, y < 0, V (y) = 0, therefore, the Schrodinger
equation is written as
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9, )+ klp 1) =0 . (2),

where &y = _.Ig

Let us substitute

o 0= o ()....(3)

And

D}"PLI{}’] = ‘PLED’]--- (4)

We can rewrite equation (2) as

Dy, ¥) + ki oy (¥) =0

Or

Dy, () = ki @y () e . (5)

Differential equations (4) and (5) can be written in
single matrix form [4], [5] as

(PLll:}‘] _ 0 1 (PLll:}‘]
AV S L
The characteristic equation [6], [7] of [—k 2 é] is

0 - 1
| |

“kto0-atT o
Solving the determinant, we get
>\2 + klz =0
Or
» = ik ... (6)

Now the Eigenvector for » =
0- f.-nri:l j.-'l _ 0

oy 1641= 1)

Applying elementary transformation Rz - Rz + ik; Ry,
we can write

—i ¥

T 0= ]

iky is given by

This results

—;'k_l}.‘l + }32 = I:I

Or

Vi, 1

0 = 31 )

And the Eigenvector for » = —ik; is given by
U + :-'[C]. 1 J-"l _ |:|
[ —klz 0+ :'kl] [3":3] - [[I]
Applying elementary transformation Rz — Rz
we can write
LIS R R b
[ 0 ] ¥y
This results
:'klyl + ¥, = 0
Or

¥ 1
[},:] = L, 1-®

—iky Ry,

. : .l 1
The matrix of Eigenvectors is [:.k1 ‘f'rﬁ]'

1 1
Let P =["k1 N k1]' then the inverse matrix of P [8], [9]
isgivelnby
7 2iky
pi=l; .09
2 2k,
To find Pe™? P,
11
ol 1Ry i 2y
A P | GO [ ey
2 2k
11
LR R
=lpomr il 4

%{g:i'l_'; + g—:l':l_'.'] ﬁ [gfi'ﬂ' _ g-fih.'r']

=[; o ]

iky [g:i',_'; _ g-!i'ﬂ'] %[95“1}' + g-!ifl}']
o coskyy siﬂki}-‘] (10)
-kysinkyy  coskyy

Applying initial condition i.e. (;DLI{L'I] =g and D}.@L[Uj =
f, we can write

; 1
@L1D’] _p coskyy  —sinkyv o8
[ Jd=1 ky 1T
'FL:!':-J']

-kysinkyy  coskyy
Or
@ ) coskyy+—sinkyy
[y e [ IEERYTLTRY 4y
@sz_}] -gk,sink,y + f cosk; ¥
This gives

o, (y) = @Ll[}-‘] =g coskyy +;_—1 sink;y... (12)

Or
gy 4 g=ty f gty _ gmlany
e
Or
= E_;L Lk ¥ g ;L ~1ky ¥
e ly) = (3 ‘za—lj"’ Vo (grige ..(13)

f [ F Er -
In(13), (£- i) &" gnd (£ + i) ™17 represent
2 2k, 2 2k,

the incident and the reflected waves in the region y < 0
i.e.

e (y)=(3- "—]e . (14)
and
p (y) = [§+ :'%]e"i'l-"’ ..... (15)

Now, in the region, y > 0, two possibilities arise: either V
@)=Vo<EorV(y)=Vo>E.

Case I:E = I

In this case, in the region, y > 0, V (y) = ¥y = E, therefore,

the Schrodinger equation is written as

[pn (7)1 + Ky [ (y)]=0....(16), where ky =

IE_[T-'—["F

is real.

Letus substltute

pgly) = qaRl{J] o (17)

And

Dypg, (v) = @g, (v)... (18)

We can rewrite equation (16) as
Dyeg, () + ko'pg (¥) =0

Or

Dy, () = k2 @g, (3)
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PR, (V) geosk,y + ;sfﬂk:y
Differential equations (18) and (19) can be written in Or @r. (V) ) S )
single matrlx form [10],[11] as - —gkysinky y + f cosky y
qgﬂl [ 1] ‘PRL{}] This gives .
R, {}] k, PR, (¥) pry) = gcosky + & sin koy ... (25)
0 1
The characteristic equation of [ 2 ] is
_k: U Or
0—x» 1 | _ 0
—kt 00—l giial § g=fiay g gliay _ g-ikay
Solving the determinant, we get eyl =g > + P 57
2T+t =0 - z -
Or
= +iky ... (20) Or
Now the Eigenvector for » = ik; is given by . _
[n ik, 1 ] )= 9 P = (L1641 (26)
—k, 0 - ikyd bl
Applying elementary transformation Rz — Rz + ik; Ry, In (26), (E_:- ! ) e'%2¥ represents the transmitted
we can write 2 Zhz
—iky 1] Y212 [0 wave in the regiony > 0 i.e.
This results _fa_.;f gikay
—ikyyy + 3 =0 Y ) = (: ' :k‘) - (27)
Or
[il] — [; ] ______ (21) Since ( +i 2y :lrepresents the coefficient of a beam
And tl_le Eigenvector for » = —ik; is given by incident from right on the vertical potential step, which
[U + :k;i 1 ][}’1] — [S] is not physical, therefore,
_k: - U + Llri::
Applying elementary transformation Rz —» Rz - ik; Ry, (!; rid ) -0
we can write : kg
[:'.[i:: 1] [.'H.] — [EI]
0 oD 0 Or f =ik.g....(28)
This results
g‘::h + oy =0 Using (28), we can write
r
Y11 [ 1 ] kpy
[}-‘:] I Y (22) pily) = E( k—;] et ¥ (297,

The matrix of Eigenvectors [12] is [i _}k"].

=89 _ B ik
Let P =[,.L —}.’c-]’ then the inverse matrix of P is given ory) = 2 ( ;;1) e ... (30)
by ) ]
ro_t And ¢.(y) = ge™=¥  (31)
pi=l; T (23)
T ik The quantum mechanical reflection coefficient R is
To find Pe*¥P~1, given by
11
- 1 1 tha ¥ 2 zik
Pe*¥p-t [ ik, _:.k:] [g 0 g—gi:.‘r' 1 11‘ R = :Z’LZ: where v, is the velocity iny < 0.
E . . L 1Hz
[ g 2¥ g— 2y : ziks Using (29) and (30) and simplifying, we get
ik, e™2¥ ik emTa¥] |1 -t
: Ziky [k 2
E{EER:}' + g—ii‘:_}':] {g“‘" —lh-_'l.:] R = [R1+R:] ------ (32)
= lu- [ —ikg Ko —LHz
':gl ¥ — gty - ':gl YT The quantum mechanical transmission coefficient T is
[ cusk- y —smk- given by
=| = ] (24)
L~k sinkyy .::'us.'-'s:- PaPePe
Applying initial condltlon ie. ¢g,(0) =g and D,pg(0) T= — » where v is the velocity in z < 0.
=f, we can write
[‘PRLG’] | coskyy k—smk. y [3] Using (29) and (31) and simplifying, we get
#ra ) —kysink,y  coskyy r=—%- . (33)
I.rj_Irj.+':-”I
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. ; i mty hko
Using the relation = =—=—,
py mry Riy

Or :— = h—: and simplifying, we get
1 Hy

T=& (34)

(Ry+ip)?

On adding equations, (32) and (34), we can find that the
sum of R and T is one.

Case II:E <« I

In this case, in the region, y < 0, the solution remains the
same.

In the region, y > 0, V (y) =V, = E, therefore, the
Schrodinger equation is written as

[pr" (7] + ks’ [@r(y)] = 0..(35), where
ky = fﬂl%gz:‘ = ik is complex; &k = I‘m-:g = :

Let us substitute
er(y) = g,
And D, @g, (¥} = @g,(¥)... (36)
We can rewrite equation (35) as
Dy @R, (¥) + k3" pg, () =0
Or Dy g, (¥) = —kz g, () - - (37)
Differential equations (36) and (37) can be written in
single matrix form as
icpalf&-‘] _[ 0 1] [(PRL{}"]

o, () L-k™ 0l |og, ()
The characteristic equation of [_Eu: ;] is
0—x 1

. —_— >\| =0
Solving the determinant, we get
T4kt =0
Or
= tikg ... (38)

Now the Eigen vector for = =ik; 1is given by
0 — ik, 1 ] v [g
[ —ks® 0 — ks [}’:]_ ]

Applying elementary transformation Rz - Rz + ikz Ry,
we can write

[_;k! é] Bi]= [g] ...... (39)

This results
—tkgyy + . =0

Or
=[]0

¥
i
And the Eigen vector for » = —ik; is given by
[U + :'Ri! 1 ] [}-‘1] _ [g]
_k! - U + :'k! J’I‘:

Applying elementary transformation Rz - Rz - ikz Ry,
we can wri;e .

iy 17 M2 _

[[]' []] [}":] - [D]

This results

thayy + ¥z =0

Or

EL] = [_lk] (41)

1 1
The matrix of Eigen vectors is ["k —ik ]

1 1
Let P =[;k —ik ], then the inverse matrix of P is given
b 2 2
y L
z  zik
1=l __f ...... (42)
1 zikg
To find Pe*¥ P,
11
. 1 1 kg ¥ P
sy p-1 _ g 0 z ik
PE P - |::-|[i:! —fk!] [ |:| g_[;‘.EI E -1
: zikg
11
_ [ gﬁ"ﬂ' g_[;"ﬂ' 1 Iiks
T likg ™Y gk, eme¥]|t -t
) - T Ziks
1

[ E{gi;izl' + g—i;izi':] {gﬁiz}' — g—l:;in-':]

iy

Tifty
iy _  —ikgy 1. iy —ikgy
(e a )| G + e )

L o

coskyy i sinkg }-‘]
iz
l—kysinkyy  coskgy
Applying initial condition [1-4] i.e. (pgl{ﬂ] =g and
Dy, g (0) =f, we can write

1
[‘F‘RLU’] | coskgy k_ﬂ'ﬂ kay [_5‘]
PR {.1-":] _kz zin kg ¥ ;‘DS-‘CE ¥ f
Or .
[(PRLD’] _ [ seoskay + Lsinkay ]
Pr, (V) —gkssink; y + f cosksy

wp(y) =g coskyy + :— sin ko ¥ ... (44)

Or
giicg_r + g—iicg}' f gﬁig}' _ g—iicg}'
v} = —
erly) =g 2 s 2
Or

ea®) = (£-1f) e+ (L4 i e )

In (45), (%—IT) ¢'%27 represents the transmitted
2 2z

wave in the regiony > 0 i.e.
- E _ :'L I:Fl'g_]-'
@ y) { ; :;l_z) g'"s¥ | (46)

f

Rz

Since (%-I—:' :lrepresents the coefficient of a beam

incident from right on the vertical potential step, which
is not physical, therefore,

(£+:L)=0

2kz
Or f=ikzg... 47

Using (47), we can write
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kay o
eiy) = gi( 1+ k—] g'f1¥ | (48)
= 1

o) =2(1- —:] e~k (49)

And @.(y) = ge™=¥ ... (50)

The quantum mechanical reflection coefficient R is
given by

R = vmrﬁr_'
P

Using (48) and (49) and simplifying, we get

The quantum mechanical transmission coefficient T is
given by

T = v:arﬂr_'
P

Using (48) and (50) and simplifying, we get

T = . 52
L-1[1+|:i:| (52)
Using the relation 2 =2 or 2 =X and simplifyi
sing the relation ) or —_—r and simplitying,
we get
I S .
R1[1.+I_r_ﬁ) ]
Or

Real(T}=0...(53)
On adding (51) and (53), we can find that R+ T = 1.

CONCLUSION

In this paper, Schrodinger’s equation for a particle
impinging on vertical potential step has been
successfully analyzed by Matrix Method to find the
reflection and transmission coefficients and revealed
that the application of the Matrix Method is also
effective and simple. The results obtained [1], [2], [3],
[7], [13], [14] are the same as those obtained with other
methods.
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